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By virtue of the technique of integration within an ordered product (IWOP) of operators and 
the bipartite entangled state representation we derive some new identities about operator Hermite 
polynomials in both single- and two-variable, we also find a binomial-like theorem between the 
single-variable Hermite polynomials and the two- variable Hermite polynomials. Application of these 
identities in deriving new integration formulas, but without really doing the integration in the usual 
sense, is demonstrated. 
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o " 

Hermite polynomials Hn {x) are frequently used in quantum mechanics and mathematical physics |l|-|3|, for instance, 

, the wave function of number state (Fock state) is V'n {x) = (2"n!-y7r) ^^Hn {x). Here we shall focus on operator 

' Hermite polynomials, because they are very useful in miscellaneous calculations in quantum mechanics. Due to the 

fact that operators in quantum mechanics can be expressed by Dirac's ket-bra | ) ( |, so the research of operator 
■ Hermite polynomials should be closely related to quantum mechanical representations. In Refs.[3-@|, we have derived 

the following identities about operator Hermite polynomials 

'P,! ff„(X) = 2":X": (1) 

X^ = (2*)-" : i7„ iiX) : , (2) 

I— i' where : : denotes normal ordering, and X ~ (a + a^)/\/2 is the coordinate operator with [a,a^] = 1. These are very 
useful identities. For example, iJ„ {X) operating on the vacuum state |0) yields 

^ : i?„ {X) |0) = 2"/2at" |o) = \n) , (3) 

wbprp lrj\ — . 



where \n) = a'"/v?i!|0) is the number state, then using the coordinate eigenvector equation ^ = x\x) , we 



I immediately have the relation between {x \n) and (x| 0) , 

O 



^ ■ {x \n) = {x\ (X) |0) = ^i=i?n {x) {x\ 0) . (4) 



Eq.(IT]) can provide some new integration formulas in a direct manner, for instance, from 

/ iJ„ (X) dX ^2" [ : X": dX ^ : : + C 

J J n+l 



we easily see 



' ff„ [x) dx - ^ (y) - iJ„+i (0)] . (6) 

2 {n + 1) 



Further, using the technique of integration within an ordered product (IWOP) of operators?-'^ and the complete- 
ness relation of \x), f dx \x) {x\ = / : e^(^^^) : = 1, it follows from Eq.dT]) that 



i/„ {x)^J : e-(--^)' : (x) = 2" : X" : (7) 

and 

X" = / : e-("-^)' : = (2i)-" : i/„ (iX) : , (8) 
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which respectively imphes the integration formulas [T3| (we have the result without really performing the integration 
in the usual sense) 



and 



^e-(--^)'i7„ {x) = 2"y" (9) 



y'^e-(--^)^" = (2*)-"F„(iy). (10) 



Similarly, for the momentum representation's completeness relation 

dp ^-(p^pf 



dp\p){p\^ I -^■■e''"-'^' : =1 (11) 



where P\p) = p \p) , and P = — ^ , we have 



H^{P)^ I e~^P-P^" : H„ (p) = 2" : P" : . (12) 



It then follows 



and 



Hn (P) |0) ^ e^f^ \n) (13) 



(p \n) = (Pl Hn (P) |0) = ^^4=^™ iP) {P\ 0) . (14) 

The above examples shows that re-ordering operator Hermitc polynomials (including two-variable Hermite polyno- 
mials) together with the IWOP technique may work in concisely deriving some new operator identities and new 
integration formulas. In the following we shall proceed in this direction, and we also develop this method with the 
use of the entangled state representation. 

To begin with, let us firstly point out a misleading, i.e., one might think that since {X) = 2": X": , then 
Hn ifX) = 2" : {fX)" : , but this is wrong, because [a, a^] = 1 in X = (a -I- a^)/-\/2, while a and are commutable 
in : X" : . In fact, from the generating function formula of Hermite polynomials 

and the Baker-Hausdorff formula 

e^e^ = e^+^e^^'^'^\ for [A, [A, B]] = [B, [A, B]] = 0, (16) 
as well as the property that Bose operators are permuted within : :, for / 7^ 1 we have 

n=0 



Comparing the coefficients of on the two sides we obtain the following identity 

!X 



(fX) = (VW^j : H,, ( y=f j : ^ 2": (/X)" : . (18) 
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Thus we should be very cautious to tackle operator Hermite polynomials. Based on Eg. ([181) and using the coordinate 
representation's completeness relation as well as the IWOP technique we have 

ifX) = r iM ■■ : = (1 - fY" ■■ (-^==1 ■■ ' (19) 



which implies the integration formula [K 



oo 



(/.) e-(-^)^ ^ (1 - fY' i/„ (t^) ' ^'"^ 

so we obtain it without really doing the integration in the usual sense. 

Now we turn to the operator Hermite polynomials Hn j where Y — ^^j- is another coordinate operator 

with [b,b^ — 1, and [^,1^] = 0, we want to derive its normally ordered expansion. Using Eqs. dTS]) and (ITB)) . we also 
have 



„2i(X+Y) . _ 2tiX+Y)2t'^ _ {tV^) „ ( X 



n=0 

On the other hand, 



2t{X+Y) . _ 



e 

n=0 



^i^:(X + yr:. (22) 

Comparing the t" terms in Eq. (|2ip and Eq.()22p we obtain a new operator Hermite polynomials identity 

i7„(^^^) =2"/^: (X + r)":, (23) 

which is regarded as the extension of Eq.([T|). This can also be derived by virtue of the entangled state representation. 
Recall that the bipartite entanglement state representation |^) is expressed as[ll| 

1^) = e-|l«l^+«at+r6t-at.t i^^p^ ^ ^ = + (24) 
where |00) is the two- mode vacuum state, obeys the eigenvector equations 

(a + fc^lO-eiO, {a^+b)\^)=C\e}, (25) 

or 

(x + r)io = y2aie), (Px - p,) ie> = V26 10 • (26) 

where = -^(o - a^), and Py = -^=(6 - h^). Using |00) (00| =: exp {-a) a - b^h) : and the IWOP technique we 
can prove that \^) is orthonormal and complete, 



TT 

Based on Eqs. (f26| and ([27l) . using the integration formulas Eq.Q, we obtain 



= (^2)" : {X + Y f : . (28) 



According to Ea. (l23l) . considering the two-mode coordinate eigenvector' completeness relation 

dxdy \x, y) {x,y\= J^: e-(-^)'-to-n^ : ^ i 
we have 



= V2« : i^X + Y 
which indicates the following new integration formula 

Moreover, with the aid of the following sum of the Hermite polvnomials [Toj 

( ™ ) H„,-n{V2fx)Hn{V2gy) = T^'^ H^{fx + gy), 



n=0 ^ 

and using Eqs. d^D)) and (I^Hl) . we obtain 



HmifX + gY)^ I dxdyHm{fx + gy)\x,y) {x,y\ 

-H„,{fx + gy): e 



dxdy _ ^-(^^-xf-{y-Yf 



n 



2"™^'E( n ) / ^H^-niV2fx)HUV2gy) 
2-m/2J2( ) (l-2f)^"-"^/'(l-2g2)"/2 



then operating the sum X!m^o 7^ both sides of Eg . ([55)) and using Ea. (fT5l) we obtain 

oo ^ 

—,H^{fX + gY) 



ml 

m—O 



oo oo 

n\k\ 

k=0 n=0 



exp [-e (1 - f - g^) + 2t ifX + gV)] 



■ 



m=0 

where we have used the summation formula 



oo m oo oo 
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Comparing the t" terms on both sides of Eq. psp . we obtain another new operator Hermite polynomials identity 

fX + gY 



HraifX + gY)^{ Vl-P-g-') ■■ H„, ' T/ . : , (37) 
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which is entirely different from Eg . ([23l) . noting that the convergent condition of Eq. ([37l) is J — g ^ "71 '^'^ particular, 
when f = g = 1, Eg . ([571 becomes 

H^{X + Y) = : Hm H [X + Y)]:. (38) 
which is also a new operator Hermite polynomials. Similarly, according to Eq. (|29p . we have 

^-{x-Xf-{y-Yf . 



H,MX + gY) = I ^H,M^ + 9y)-e 



this leads to the new integration formula 

As the special case of Ea. (|40l) . when / = 5 = 1, we see 

^H„,ix + y)e-i-^^)"-(y-)" = i^i/^ + v)] . (41) 



As can be seen from the above discussion, some integral formulas are derived without actually performing the inte- 
gration in the usual sense, which is the advantage of the IWOP technique. 

Finally, according to the generating function of two- variable Hermite polynomials i?m,n (^.^C) 



E ^H™,n(^,r) = e-"'+*«+*'«*, (42) 



m,n—0 



by noticing [a -I- fe^' , a^' + 6] = 0, we have 



g tt'+t'(at+6)+t(a+6+) ^t' (a* +f))+t (a+f)* ■) ^ 



4-m-t'n 

E -ij-- {a + h^Tia^+hY:. (43) 



m'.n 

m,n— 



Comparing with Ea. (|42p we see the following identity 

H,n,n {a + b\a^ +b) {a + 6^)'" (at + 5)" ; . (44) 
Thus due to X + Y = -^{a + a"^ + b'^ + b) , using Eqs.(|331) and we deduce 

V2^: {X + Yf: =: {a + b^ + + b)" : 



i=0 

' n 



1=0 

From Eq. (f23| it is seen that 



E ,p^,«-^(a + &^a^+6). (45) 



/2": iX + YT: ^ H,A ^ + (46) 
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Since [a + &^,a^ + 5] = 0, combining Eq. (|45)) and Ea. (|46)) we obtain a binomial-like theorem between the single- 
variable Hermite polynomials and the two- variable Hermite polynomials 

n\ f X + y 



In addition, it is seen that 



(=0 



E = H,. ii» . (47) 



m,n— 

— . gtt'+t'{b+a^) ^t{a+b^) . 

= V ^-^^^^^^-^■.H^,^[^{a + b^),^{a^ + b)]■., (48) 
z — / n'.ml ' L \ / \ /J 

m,n— 

this leads to the new operator identity 

{a + + bT = (-*)"^" ■■ Hm,n [^ {a + b^) ,z{a^ + b)] : . (49) 

Based on this, using Eq. (|T7|) we have 



(X + y)" = 2-"/2f](^) {a + b^fia^ + bY 
1=0 ^ ^ 



-^-"2-"/^:g„('^ ° + ^'+"'+^ 

72) : H„ { i^^^) : , (50) 



V2 

which is regarded as the extension of Eq.([2]). Eg . ((50)) can also be proved by using Eqs. lfTO)) . (|26)) and ([27)) as follows 

{X + r)" 

= J fiix + Yfio (CI 



(.V2)-":i^„ :, (51) 



V2 

which further proves that the identity in Ea.(|47p is correct. 

In summary, by combining re-ordering operator Hermite polynomials and the IWOP technique we can we directly 
derive new identities and new integration formulas without really doing the integration in the usual sense, this is 
useful for developing Newton-Leibniz integration performed on Dirac's ket-bra operators. 
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